Abstract. Considering Riemannian submersions, we find necessary and sufficient conditions for when sub-Riemannian normal geodesics project to curves of constant first geodesic curvature or constant first and vanishing second geodesic curvatures. We describe a canonical extension of the sub-Riemannian metric and study geometric properties of the obtained Riemannian manifold. This work contains several examples illustrating the results.
Introduction
The study of curves in surfaces having constant geodesic curvature is an old problem in differential geometry, whose origin can be traced back to classic works by Bianchi and Darboux [3, 7] . The analogous definition of geodesic curvatures for curves in a Riemannian manifold, and its relation to the generalized Frenet frame, has been known for many years, see [17] and Section 2.3 of the present paper. The problem of determining which curves have constant geodesic curvature in the more general setting of manifolds of dimension three or higher is much more complicated, and to our knowledge there has been no comprehensive treatment of this problem. In the past few years, curves of constant geodesic curves have played an important role in interpolation in Riemannian manifolds, see e.g. [13] .
In many examples in sub-Riemannian geometry, curves of constant geodesic curvature appear as images under submersions of normal sub-Riemannian geodesics. To name a few cases in which this situation occurs, the projections to the xy plane of subRiemannian geodesics in the Heisenberg group are circles [15] , in H-type groups they are the circles in the horizontal layer [5] , and the Hopf fibration maps sub-Riemannian geodesics in the three-dimensional sphere S 3 to parallel circles in S 2 , see [6] . In the present paper, we give a characterization of the submersions from a subRiemannian manifold M to a Riemannian manifold N that map normal sub-Riemannian geodesics to curves with constant geodesic curvature. The main results are stated in Theorems 2.3 and 2.4 in Section 2.4 in the terms defined on the underlying Riemannian manifold N. To prove the result we use a special choice of the connection on the sub-Riemannian manifold M and find a criterion for the main theorems in terms of this connection. In Section 3 we extend canonically the sub-Riemannian metric on M to a Riemannian metric and study this extended Riemannian geometry. In Section 4 give several examples reflecting this geometry. We are particularly focused on principal bundles and complete Riemannian submersions. Finally, we give a result for H-type manifolds in Section 5.
Submersions and sub-Riemannian geometry
In what follows, all manifolds under consideration are connected. Given a vector bundle E → M over a manifold M, we denote its sections by Γ(E). All curves are defined on an interval I = [0, τ ].
2.1. Sub-Riemannian structures and geodesics. A sub-Riemannian manifold is a pair (M, g * ), where g * is a bilinear positive semidefinite tensor on the cotangent bundle T * M that degenerates along a subbundle. The latter requirement implies that the image of the map
is a subbundle D of T M. We will call g * the sub-Riemannian cometric and D the horizontal bundle. The cometric induces a positive definite tensor g on the subbundle D by the relation (2.1) g(♯ g λ 1 , ♯ g λ 2 ) := g * (λ 1 , λ 2 ), λ 1 , λ 2 ∈ T * x M, x ∈ M. Conversely, given a pair (D, g), where D is a subbundle of the tangent bundle T M and g is a metric on D, the relation (2.1) defines a cometric g * degenerating along the subbundle Ann(D) of covectors vanishing on D. Hence a sub-Riemannian manifold can be equivalently defined as a triple (M, D, g) consisting of a subbundle D of T M endowed with a metric g defined on D, see [15] . In what follows, we write g(v, w) = v, w g and |v| g = v, v 1/2 g for any v, w ∈ D x . We use similar notation related to g * , though we note that for a fixed x ∈ M, | · | g * is only a semi-norm on T * x M. The upper-case letters V, W are used to denote sections of vector bundles and lower-case letters v, w denote vectors.
We assume that the subbundle D is bracket generating, i.e. the sections of D and their iterated brackets span T M at each point x ∈ M. In this case the Carnot-Carathéodory distance function on M is defined by taking the infimum over the length of curves tangent to D and connecting given points. A curve is called a sub-Riemannian geodesic if any sufficiently short segment of the curve realizes this infimum. The subRiemannian geodesics are divided into two groups: normal and abnormal. An abnormal sub-Riemannian geodesic is the shortest curve in the class of abnormal curves whose properties are related only to the nature of the subbundle D, see for instance [14, 15] . They will not be considered in the present work. The normal sub-Riemannian geodesics are the projections on M of solutions to the Hamiltonian system generated by the sub-Riemannian Hamiltonian function H(λ) = exists a covector field λ(t) along γ(t) which satisfies ♯ g λ(t) =γ(t) and
is the torsion of the connection ∇.
A connection satisfying ∇g * = 0 will be called compatible with the sub-Riemannian structure. We call the covector field λ(t) along the geodesic described above a subRiemannian extremal. The curve λ(t) = e t H (λ(0)) is an integral curve of the subRiemannian Hamiltonian vector field H associated to the sub-Riemannian Hamiltonian function H. When proving statements about all normal geodesics, it is usually sufficient to consider the case t = 0 from the property λ(s + t) = e t H (λ(s)). This fact will be used in the proof of the main results.
2.2. Submersions, Ehresmann connections and curvature. Let π : M → N be a surjective submersion of manifolds, meaning that dπ : T M → T N is a surjective map as well. If we let m and n denote the dimension of M and N, then the subbundle V = ker dπ ⊆ T M is called the vertical bundle of the submersion π and it has rank m − n. Since each value y ∈ N is a regular value of π, the fiber M y = π −1 (y) is an embedded submanifold of M, which is obviously tangent to V|M y .
An Ehresmann connection D on π is a choice of a subbundle of T M satisfying T M = D ⊕ V. Since dπ restricted to D x gives a bijection to T π(x) N for every x ∈ N, we have its inverse map h x : T π(x) N → D x , which is called the horizontal lift. The map h x allows us to define horizontal lifts hX of vector fields X on N by hX(x) = h x X(π(x)). If we fix a point x 0 in the fiber M y 0 , then for any absolutely continuous curve η : I → N with η(0) = y 0 there is a unique curve γ(t) almost everywhere tangent to D and satisfying π(γ(t)) = η(t), γ(0) = x 0 . The curve γ is given by the solution to the differential equationγ (t) = h γ(t)η (t),
Let pr D and pr V be the projections to D and V, respectively, associated to the
Notice that R D = 0 if and only if D is an integrable subbundle. For vectors v, w ∈ T y N, define R D (v, w) as the vector field on M y by x → R D (h x v, h x w). We will need the following notion developed in [9] . Let Ann(D) denote the subbundle of T * M of covectors vanishing on D and let π T * M : T * M → M be the canonical projection. Let Π be the projection
Even though Π is not a vector bundle, we can define an analogue of parallel transport of elements along a curve η : I → N. Define
Here pr * V is the pullback of the vertical projection, i.e., (pr * V α)(v) = α(pr V v). Note that the equalities f X β = f X β and Xf β = (hXf )β +f X β are valid for any f ∈ C ∞ (N) andf ∈ C ∞ (M). Furthermore, if γ : I → M is the horizontal lift of a curve η and β(t) is a section of Ann(D) along γ(t), then η β is well defined. Observe that if β 0 ∈ Ann(D) y 0 = Π −1 (y 0 ), then there is a unique β(t) solving the equation
2.3. Frenet frame and geodesic curvatures. We recall the notion of geodesic curvatures for a curve η in an n-dimensional Riemannian manifold N. For more details, see [17, Appendix B] . Let g N (· , ·) = · , · g N be a Riemannian metric and ∇ N the LeviCivita connection on N. We assume that the curve η : I → N is parameterized by arc length and define a unit vector field by e 1 (t) =η(t). We call it the first Frenet vector field. Next, we define the first geodesic curvature by
The curve η(t) is a geodesic if and only if κ 1 (t) vanishes identically. If κ 1 (t) = 0, we define the second Frenet vector field e 2 as the unit vector field determined by relation
, we have that e 2 is orthogonal to e 1 . Continuing inductively, assuming that e 1 (t), . . . , e j (t) and κ 1 (t), . . . , κ j−1 (t) have been defined, we can define j-th geodesic curvature by
and if κ j (t) is the non-vanishing, then we define (j + 1)-st Frenet vector field by relation
We call e 1 (t), . . . , e n (t) the Frenet frame along η, provided it exists. If all geodesic curvatures κ 1 (t), . . . , κ n−1 (t) are well-defined, they uniquely determine the curve η up to initial conditions η(0) andη(0). The same is true if κ 1 (t), . . . , κ j−1 (t) is well defined and κ j vanish identically. In this case, we define all higher geodesic curvatures to be vanishing. We will focus on curves with constant first geodesic curvatures or with constant first geodesic curvature and vanishing second geodesic curvatures. When N is the Euclidean space, the latter curves are circle arcs.
2.4. Projections of geodesics. Let π : M → N be a submersion into a Riemannian manifold (N, g N ). Consider a sub-Riemannian manifold (M, D, g), where the subRiemannian metric g is the pullback of the metric g N to D. We use the parallel transport defined by to state a criterion for a curve in M to be a normal sub-Riemannian geodesic in terms of its projection under π. For any element β ∈ Ann(D) with Π(β) = y, we define a linear map J β : T y N → T y N by
Note that J * β = −J β by the skew symmetry of the curvature R D .
Lemma 2.2. [9, Corollary 2.3] A curve γ : I → M is a sub-Riemannian normal geodesic if and only if it is the horizontal lift of a curve η : I → N satisfying
We now state the main results of the present paper. We ask the reader to pay special attention to the fact that the below statements both involve sub-Riemannian geodesics in M and Riemannian geodesics in N. along η satisfying η β = 0, the vector field J β(t)η is parallel. Furthermore, for any α ∈ Ann(D) x and v ∈ T y N satisfying |v| g N = 1, we have
Description of geodesic curvatures.
Before we proceed to the proof of the main result we give some additional information about the tools used in the proof. We make a special choice of connection ∇ on the manifold M, that will help us to perform the technical calculations. From now on, we simplify notation and write R = R D . Let ∇ N denote the Levi-Civita connection of g N . We identify the two vector bundles D and π * T N over M via the horizontal lift, described in Section 2.2. Choose an affine connection ∇ on T M satisfying the following three conditions:
Here, we have identified π * T N with D using the horizontal lift. With this identification, if ∇ N is an affine connection on T N, the pullback connection π * ∇ N on D is the unique connection satisfying
The class of connections satisfying conditions (i)-(iii) is not empty. A well-known connection that fulfills all the above requirements is the Bott connection associated to the subbundle D with any choice of an extension of the sub-Riemannian metric g to a Riemannian metric g M that makes D and V orthogonal, see [4, 8] and Section 3.
In the following proposition we collect the properties and useful consequences of the definition of the connection ∇, which we leave to the reader to verify. (f) If γ is a normal sub-Riemannian geodesic and ♯ g λ =γ, then one form ∇˙γ (t) λ(t), t ∈ I, vanishes on vertical vectors for all t ∈ I; (g) The geodesic equation (2.2) can be written as ∇˙γλ(t) = λ(t)R γ(t), · .
The fact that the curve η is the projection of a normal sub-Riemannian geodesic γ under the Riemannian submersion π : M → N, allows us to express the first and the second geodesic curvatures of η in terms of the chosen connection ∇ on M.
Lemma 2.6. Let γ(t) be a normal sub-Riemannian geodesic, parametrized by arc length, corresponding to the extremal λ(t). Let η(t) be its projection to N, and let κ 1 (t) and κ 2 (t) be the first and the second geodesic curvatures of η(t). Then
and at any point where κ 1 (t) = 0,
Proof. Define e 1 (t) =η(t) and observe that |γ(t)| g = |η(t)| g N = 1. Then
by the definition of the pullback connection and equations (2.4) and (2.5). Using the geodesic equation in the form (g) from Proposition 2.5, we have
In the latter equation, we have used that ♯ g (∇˙γλ)(t)R(γ(t), · ) = 0 since ∇˙γλ(t) vanishes along V by property (d) from Proposition 2.5.
It follows from the definitions of geodesic curvature, pullback connection, cometric, and the properties (c) and (g) that
At any point where κ 1 (t) = 0, we can define e 2 by (2.9)
Finally, we have (2.10)
The result follows from (2.8) and (2.9).
The following lemma gives the necessary and sufficient criterion for statement (I') of Theorem 2.3 in terms of the connection ∇.
Lemma 2.7. The projection of any normal sub-Riemannain geodesic has constant first geodesic curvature κ 1 if and only if for any
Proof. Lemma 2.6 shows that the geodesic curvatures are completely defined by the behavior of the extremal λ and, therefore, it is enough to give the conditions only for t = 0. We choose arbitrary (α, v) ∈ Ann(D x ) ⊕ D x , x ∈ M, |v| g = 1, and find the unique normal extremal λ :
Let γ(t) be the projection of λ(t) to M and let η(t) be the projection of γ(t) to N. We want to find conditions for the first geodesic curvature κ 1 to be constant for all choices of α and v. It is clearly sufficient to look atκ 1 (0). Using Lemma 2.6, we have that
Here, we have used that
Evaluating (2.13) at t = 0 we finish the proof, because γ is a normal sub-Riemannian geodesic and ♯ g λ(t) =γ(t).
Analogously we formulate the criterion for statement (I) in Theorem 2.4 by using the connection ∇. 
Proof. If we assume that the first geodesic curvature of any projection of a normal subRiemannian geodesic is constant, then we obtain that αR(v, w) = ♯ g αR(v, · ), w g = 0 for any w parallel to ♯ g αR(v, · ) by Lemma 2.7. Hence, we only need to prove that (2.15) and (2.16) hold for w ∈ (span {v,
, with |v| g = 1, and let λ(t) and γ(t) be the extremal and the normal sub-Riemannian geodesic, respectively, as determined by (2.12). Let κ 1 and κ 2 be the first and second geodesic curvatures of the projection η of γ. We only need to consider the case t = 0, taking an arbitrary w ∈ T x M orthogonal to v and ♯ g αR(v, · ). We choose an orthonormal basis v 1 , . . . , v n of D x . Note the identities,
obtained by evaluating (2.8) and (2.9) at t = 0. By using (2.10), we have that κ 2 (0) = 0 if and only if
Next, observe that both κ 1 (0) andκ 1 (0) will have the same value if we change α to −α. Evaluating (2.17) at (α, v) and (−α, v), and taking sums and differences, we get
Evaluating at some w ∈ (span {v, ♯ g αR(v, · )}) ⊥ , we obtain the result.
2.6. Proof of Theorem 2.3. By Lemma 2.7, Item (I') is equivalent to (2.11), so we only need to show that the latter is equivalent to Item (II'). Since we are considering only geodesics and -parallel transports, is sufficient to consider property (II') only at t = 0. For an arbitrary element α ∈ Ann(D) x and v ∈ T y N, π(x) = y ∈ N, let η be the geodesic with initial condition η(0) = y andη(0) = v. Let γ be the horizotal lift of η to x and define β(t) along γ by η β = 0, β(0) = α. The condition ∇ Ṅ η(t)η (t) = 0 implies ∇˙γ (t)γ (t) = 0 by the definition of the pullback connection. The definition of the operator J β implies that ♯ g βR(v, ·) = hJ β v(·) and sinceη,γ, andβ are parallel vector fields , we obtain
The equation (2.18) shows the equivalence between (II') and (2.11) and the proof is completed.
2.7. Proof of Theorem 2.4. By Lemma 2.8, we only need to show the equivalence of both (2.15) and (2.16) holding and (II). Let η be a geodesic on N and β chosen such that η β = 0. Let γ be a horizontal lift of η. These curves are uniquely defined by the initial data
For any vector w ∈ T y N we obtain
Hence, the property (2.15) is equivalent to the statement that all the vector fields ∇ 
. . , h x w k } ⊕ V x , the equivalence of (2.16) and (2.7) follows. This result completes the proof.
2.8. Projected geodesics and parallel curvature. We remark the following consequence relating results on the projections of normal geodesics and curvature.
Corollary 2.9. Assume that the projection of any normal sub-Riemannian geodesic in (M, D, g) is a curve with constant first geodesic curvature and vanishing second geodesic curvature. Then
Proof. We will show that the statement (∇ v R)(v, · ) = 0 for any v ∈ D implies that ∇ v R = 0 for any v ∈ D. The result then follows from Lemma 2.8. Let R ∇ denote the curvature tensor defined by the connection ∇:
. Then the torsion T of the connection ∇ and R ∇ are related by Bianchi's first identity
where S is the cyclic sum. Applying (2.20) to u, v, w ∈ D and, making use of property (5) 
belongs to V by condition (iii). Thus, taking the projection of (2.20) to V, we obtain
Since (∇ v R)(v, ·) = 0 for any v ∈ D, the 3-linear map (u, v, w) → (∇ v R)(v, w) is a vector valued 3-form. It follows by (2.21) that S(∇ u T )(v, w) = 3(∇ u R)(v, w) = 0.
3. Projections of constant curvature and geometry 3.1. Canonical Riemannian extension. Let (M, g * ), or equivalently let (M, D, g), be a sub-Riemannian manifold and π : M → N a submersion. We again suppose that there is a Riemannian metric g N on N such that dπ is an isometry from D to T N on every fiber. The following question was studied in [8] : describe all possible Riemannian metrics g M on M such that they are extensions of g and the projection on N of any Riemannian geodesic coincides with the projection of sub-Riemannian geodesics. We describe a special extension g * M of the cometric g * which is a cometric for a Riemannian metric g M such that g M gives a positive answer to the stated question.
From the cometric g * , we get an induced degenerate inner product on 2 T * M by
where v 1 , . . . , v n is an orthonormal basis of D x .
Proposition 3.1. Assume that the projections of all sub-Riemannian normal geodesics are curves of constant first geodesic curvature and vanishing second geodesic curvature.
where R * α is the two-form defined by R * α(V, W ) = α(R(V, W )). Then g * M is the cometric of a Riemannian metric g M and projections of its Riemannian geodesics have constant first geodesic curvature and vanishing second geodesic curvature. Finally, all the fibers of π : M → N are totally geodesic submanifolds of M.
Proof. We start the proof by showing that g * M is non degenerate, which will imply that it corresponds to a non-degenerate Riemannian metric g M . Notice that g * M being non degenerate is equivalent to the curvature R being surjective on V. To see this, note that |α| g * M = 0 implies |α| g * = 0 and R * α = 0. If R * α = 0 then it follows that im R ⊂ ker α. Since V ∩ ker α has codimension one, there is a vector v / ∈ im R. We conclude that R is not surjective. If R is surjective, then |α| g * M = 0 for any α = 0. It follows from the above that we only need to check that R is a surjective operator. By using the condition that D is bracket generating, we aim to prove that
which will imply that im R = V and will show that R is surjective. 
by (iii). Since ∇ V R = 0 for any V ∈ Γ(D), we see that
Hence we obtain that the distribution D + [D, D] is integrable. This and the fact that D is bracket generating leads to (3.2). As a byproduct we have also showed that D has step 2. Let g M be the Riemannian metric associated to the non-degenerate cometric g * M and let ∇ M be the corresponding Levi-Civita connection. The Bott connection ∇ of g M is defined as 
Hence, if |J α v| g N is constant for any unit length vector v, we have J
3.2. Local description. We give the following local description of the sub-Riemannian spaces considered in the previous sections. 
. . , V n is an orthonormal basis of D|U and we define matrices
2 is a positive semi-definite diagonal matrix.
Proof. Since the properties in question are local, it is sufficient to show that they hold for an arbitrary sufficiently small neighborhood U where Ann(D) is trivial.
Assume first that Theorem 2.4 holds. This is equivalent to (2.19) and (2.16) holding. Let g M be the Riemannian metric constructed in Proposition 3.1. Note that the property of the fibers of π : M → N being totally geodesic manifolds is equivalent to the relation
see e.g. [8] . Choose an orthonormal basis θ 1 , . . . , θ m−n of Ann(D) with respect to g M . Define θ = (θ 1 , . . . , θ m−n ) as a R m−n valued one-form which clearly satisfy (a) of Corollary 3.3. We can also write
where ♯ : T * M → T M is the identification with respect to g M . Then the conditions of Theorem 2.4 can be interpreted in terms of Corollary 3.3 as follows. Condition (d) is a reformulation of (2.16). We will show that (b) and (c) follow from (2.19) .
Notice that we can restate the property (3.4) as property (b). This follows from
The property that R is parallel in horizontal directions can then be expressed by relation
the latter equality following from property (b).
Conversely, assuming that we have conditions from (a) to (d) satisfied, we define a Riemannian metric g M on M such that g M |D = g and such that θ 1 , . . . , θ m−n is an orthonormal basis of Ann(D). Then (3.5) still holds, and reversing the arguments above, we obtain (2.19) and (2.16).
Examples

Principal bundles.
For a given Lie group G with Lie algebra g, let G → P π → N be a G-principal bundle. The action of G is chosen to be on the right, as usual. Write V = ker dπ. For every element A ∈ g, we have a canonically associated vector field ξ A on P defined by
In fact, we have a vector bundle isomorphism between N × g and V, given by (p, A) → ξ A (p). A connection form ω on π is a g-valued one-form on P , that satisfies
for any a ∈ G, A ∈ g, v ∈ T p P and p ∈ P . Through the relation D = ker ω, there is a one-to-one correspondence between connection forms ω and Ehresmann connections
The form Ω can be seen as a two-form on N with values in a vector bundle Ad P . The latter is a vector bundle Ad P → N defined as the quotient of P × g under the equivalence relation
Denote the equivalence class of (p, A)
There is a one-to-one correspondence between sections s ∈ Γ(Ad P ) and equivariant functions on P given by
Given a connection form ω, we can define an affine connection ∇ ω on Ad P , by defining ∇ ω X s to be the unique section corresponding to the equivariant function ds ∧ (hX) for s ∈ Γ(Ad P ), X ∈ Γ(T M). In general, a j-form η ∧ is called equivariant if
Any equivariant j-form that vanishes on V can be seen as a j-form η on N with values in Ad P through the relation
The two-form Ω vanishes on V and is equivariant. Assume now that N has a Riemannian metric g N and lift it to a sub-Riemannian metric g on D = ker ω through π. If ∇ satisfies the requirements (i)-(iii), then it is simple to verify that
In the formula above, we have simplified the notation by using the symbol ∇ ω for the connection induced on 2 T * N ⊗ Ad P by ∇ N and ∇ ω . The condition (2.7) can we written as
whenever λ ∈ g * and v and w are orthogonal. In conclusion, projections of geodesics in (P, D, g) are always constant curvature curves if and only if ∇ ω Ω = 0 and (4.2) are satisfied.
Example 4.1 (Orthonormal frame bundle). We will consider the sub-Riemannian geometry of the orthonormal frame bundle. For details on these spaces, we refer to [9, Section 3. Here, R n is equipped with the standard euclidean structure. There is a one-to-one correspondence between maps f : R n → T y N and choices f 1 , . . . , f n of orthonormal frames of T y N. If e 1 , . . . , e n is the standard basis of R n , then the correspondence is given by f j = f (e j ).
Define a subbundle of T O(N) by
Then this subbundle is an Ehresmann connection which is invariant under the action of O(n). Hence, it corresponds to a principal curvature form ω : T O(N) → so(n). Let h f u denote the horizontal lift of u ∈ T y N, y ∈ N to f ∈ O(N) y . If R N denotes the Riemannian curvature tensor of N, the curvature form Ω of ω is given as
and ∇ ω Ω = 0 if and only if ∇ N R N = 0, i.e. if N is a locally symmetric space. Next, for r = (r 1 , . . . , r n ) ∈ R n , define f (r) = n i=1 r i f i . Furthermore, for r, s ∈ R n , and v ∈ T y N, if we define
Since r and s were arbitrary and since any J α can be written as a sum of maps on the above form, it follows that (2.7) is equivalent to
for unit vectors u, v and w. 
Complete manifolds.
Assume that π : M → N is a submersion into a Riemannian manifold. Let D be an Ehresmann connection on π and assume that the conditions of Theorem 2.4 holds. Furthermore, assume that the Riemannian metric g M defined in Proposition 3.1 is complete. Since the fibers of π are totally geodesic submanifolds, we can conclude the following from [11] . (A) N is a complete manifold. (B) Each fiber M y = π −1 (y) with the restricted metric is isometric to the same complete Riemannian manifold (F, g F ).
(C) Let G be the isometry group of F . Then there exists some principal G-bundle
Here, the action of a ∈ G is given by (p, z) · a = (p · a, a −1 z), a ∈ G, p ∈ P , z ∈ F . (D) If ρ : P × F → M is the quotient map, then there is a principal connection ω on P → N such that if we definẽ
thenD is an Ehresmann connection on P × F → N and dρ(D) = D. (E) As was observed in [10, Remark 4.2] , the assumption that D is bracket-generating implies that F is a homogeneous space, i.e. F = G/K for some closed subgroup K of G.
For a vector field X on N, let hX andhX denote its horizontal lifts to D andD, respectively. Let R andR denote the respective curvatures of D andD and write Ω for the curvature form of ω. WriteṼ for the vertical bundle of P × F → N. Using the fact thathX and hX are ρ-related, we have that
Hence, R(hX, hY ) and −ξ Ω(hX,Ỹ ) are ρ-related vector fields. We can rewrite (2.19) as Remark 4.3. Let N be a Riemannian manifold and let π : T N → N be its tangent bundle. Let D be an Ehresmann connection on π be defined as in (4.5) . This allows us to define horizontal lifts of vector fields on N. However, we also have vertical lifts to vector fields with values in V = ker dπ. For any X, we define the vector field vl X on T N by
The Sasakian metric g S on T N is defined by
Consider the restriction of g S , π and D to SN ⊆ T N which we, by slight abuse of notation, will denote by the same symbol. Then it was shown in [2, 16] that projections of Riemannian geodesics are constant curvature curves if and only if ∇ N R N = 0. It is interesting that we get the same result here, even though the metric g M defined in Section 3 only coincides with the Sasakian metric for the case of N = S n . This result is a consequence of the fact that, equipped with the Sasakian metric, the submersion π : T N → N always has totally geodesic fibers, see e.g. [16, Theorem 2].
Transverse symmetries and H-type manifolds
Let π : M → N be a submersion between a sub-Riemannian and a Riemannian manifold. We assume that hypotheses of Theorem 2.4 are fulfilled, therefore (2.19) and (2.16) hold. Following the definition found in [1] , we say that a sub-Riemannian manifold (M, D, g) has transverse symmetries if V has a basis V 1 , . . . , V m−n such that
If ∇ is the Bott connection defined in (3.3), then
For these classes of manifolds, we state the following result.
For an arbitrary oriented inner product space V, let SO(V) be the group of orientationpreserving linear isometries of V. If η is a loop in N based at y, we denote by // η : T y N → T y N the ∇ N -parallel transport along η. We then define the holonomy group at y by Hol(y) = {// η : η is a loop is based at y} ⊆ SO(T y N).
Then Hol(y) is a Lie subgroup of SO(T y N) and if y 1 is another point in N, then Hol(y) and Hol(y 1 ) are conjugate groups since N is connected. Hence, if Hol(y) = SO(T y N) at one point, then this is true for all points. Moreover any vector in T N can be taken to another vector in T N by parallel transport.
Theorem 5.1. Let g M be the metric defined as in Proposition 3.1. Assume that each fiber M y = π −1 (y) is connected and that Hol(y) = SO(T y N) for some y ∈ M. Assume finally that the Lie algebra generated by V 1 , . . . , V m−n is abelian. Then Manifolds where (5.2) is satisfied are said to be of H-type according to [1, Section 4] . Using polarization, we get that
Proof. Observe first that since V i is a parallel vector field along any horizontal curve and any pair of points can be connected by such curves, the function V i , V j g M is constant on M. Hence, we can take a linear combination of these vector fields with constant coefficients to obtain a global orthonormal basis which still satisfies (5.1). We will assume from now on that we have chosen V 1 , . . . , V m−n orthonormal.
By the definition of the Levi-Civita connection, since [V i , V j ] = 0, we have that ∇V i = 0. Let θ 1 , . . . , θ m−n be a basis of Ann(D) determined by θ i = V i , · g M . Let γ : I → M be a any curve with projection η in N. Then for any parallel vector field X(t) along η, we have d dt |J θ i (γ(t)) X(t)| 2 = 0, from Theorem 2.4. In particular, if γ(t) is a curve in M y , then |J θ i (γ(t)) v| is constant for any v ∈ T y N. Since M y is connected, we have that |J θ i (x) v| is constant for any x ∈ M y and fixed v ∈ T y N. Furthermore, if v ∈ T y 0 N and w ∈ T y 1 N are two unit vectors, by our assumption on the holonomy, there is a curve η : I → N and a parallel vector field X along η with X(0) = v and X(1) = w. Hence, if γ is a horizontal lift of η, we have that |J θ(γ(0)) v| = |J θ(γ(1)) w|. In conclusion, there is some constant c such that This algebra is called the Heisenberg algebra. Let M be the corresponding simply connected Lie group. We will use the same symbol for elements in the Lie algebra and their corresponding left invariant vector fields. Let X * , Y * and Z * denote the corresponding coframe.
LetM be another copy of M with corresponding left invariant basisX,Ŷ andẐ and use similar notation for its coframe. Let (D, g) be a sub-Riemannian structure on M ×M such that X, Y ,X andŶ form an orthonormal basis. If we define K as the abelian subgroup with Lie algebra k spanned by Z andẐ, we get a submersion π : M ×M → N = R 4 = (M ×M )/K. If N is equipped with the standard euclidean metric g N , then dπ is a linear isometry from D to T N on every fiber.
The sub-Riemannian manifold (M ×M , D, g) satisfies the conditions of Theorem 2.4. Furthermore, Z andẐ satisfy (5.1) and these commute except the conditions for the holonomy. We also see that |J Z * X| = |J Z * Y | = 1, while |J Z * X | = |J Z * Ŷ | = 0, reflecting the fact that we cannot take vectors tangent to M to vectors tangent toM using parallel transport.
